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1 Theoretical part

1. Given a Lie algebra with generators L’ which have the commutation relations [L?, L7] =
i€* ¥ Is this a real algebra? How can you tell? How can you make this into a real algebra?

2. Describe a root as an element of a dual vector space. Which commutation relation defines
these linear maps. These are also solutions of an equation. Which one?

3. Often we work which the components of these roots o. In which commuation relations do
they appear? How are the components labeled by i defined in the Chevally basis?

4. The Cartan-Weyl basis defines a real form. How is it called? Is it compact? What is its
character?

5. What are the two formal mathematical definition of a Lie group and what is the relation
between them?

6. Suppose a lie algebra can be split as g = [+ §. If you impose that b is an ideal of g what are
the commutation relations?

7. Suppose you have tensor A¥* where A¥* = — A7k and AYk + AR 4 AT = (0. What is the
corresponding young tableaux?

2 Practical part

2.1 Question 1: Lorentz algebra

Suppose the lie algebra so(1,3), i.e. Lorentz algebra. It has the generators

Mp,u = gp,pMpV = _MI//,L (1)
where
-1 0
9w =\ 0 1,) goo = —1; goi = gio =0, gij = 0ij- (2)
The commutation relation are given by
[M/Ll/ ’ Mdp] = gqu;Lp - g/LUMl/p - gl/pM/Lo + gupMua (3)

(a) There are 6 generators. Can they all 6 be hermitian? Can they all 6 be anti-hermitian?

(b) Let us define the generator L' := 5¢/* M, . Prove that the commutator is given by [L', L7] =
—ek Lk,

(c) Define K*:= M. Prove that the following commutators hold
(K, K] =€éivpk; [L' K| = —¢;;,. K" (4)

(d) According to the commutations relation, can one realize K* as anti-hermitian or hermitian
generators?



(e) Calculate the Cartan-Killing metric.

(f) If we look at the killing form as the trace should K be hermitian or anti-hermitian? Explain
with the positivity of the trace.

(g) We have seen that the Lorentz algebra can be realized as a real algebra. Which algebra is
this?

(h) Prove that algebra realized by linear combination of Li, K% i.e. a;L’+ b;K" can also be
realized by (a; + ib;) L. Which algebra is this?

(i) What changes if we set g the euclidean metric, i.e. ggo = 17

(j) Define the algebra J% = 1(L’ + K*). What do you find?

2.2 Question 2: Nahm result

Something about bosonic subgroups and fermionic subgroups and supergroups



