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Random walks, Diffusion and Polymers

End-end vector of a random walk:

(B)=0 (B’ =d’N (1)
Diffusion equation: B
or gf’ Y _ pvep(i 1) (2)

Solution in d-dimensions (gaussian):

~ 1 \¥2 0
End-end distance self-avoiding walks
() ~ a®N* (4)
Flory exponent in d < 4 dimensions
3
Y= T ©)

General formalism of Classical Statistical Mechanics

Hamiltonian

=

P oL
H() = o + O(0h, ¢ qn) (6)
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Equilibrium average of an observable
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Microcanonical ensemble

_ S(E-H(I))
p(l) = w(E, N, VN3N

Microcanonical density of states

w(E,N,V) = %};N& (B —H(I))
Q(E,N,V) = / %6 (E—H(T))
w(E,N,V) = —ag(%év V)

Entropy:
S(E,N,V) =kglogw(E,N,V)

Canonical ensemble

e—BH(T)
~ NIBNZ(N,V,T)
with § = 1/(kgT). Partition function:

dli’ _
Z(N,V,T):/N!h:we AH(T)

p(I)

Integration over momenta

_ QW V. T)
Z(N,V,T) = TN
thermal wavelength
h
A = ———
vV 27rkaT

Relation with canonical ensemble
Z(N,V.T) = /dE e PEL(B, N, V)

Connection with thermodynamics

F=FE-TS=—kgTlogZ
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Grandcanonical ensemble

I''N)= 19
AL = Nveg v )
Grand canonical partition function
=V, T) =Y N Z(N v, 1) (20)
N
Connection with thermodynamics
pV -
— =log=(u, V, T 21
o 8= V. T) (21)
Equipartition Theorem
OH
. — kpT§,, 922
() = (22)
Law of mass action
For a reaction
By + By = 2By (23)
the law of mass action takes the form:
[Bs]? (/\1>\2)3 _BAF
=K ,(T)=|—"] ¢ 24
I 2y
with AF internal free energoes difference
Interacting Systems
Virial theorem
N
NkgT 1 R n? do(r) .
P=— —gl; <qz~-Fij> :nkBT—E/r I g(r)dr (25)

with ﬁij force exerted by particle j on particle i, ¢(r) interparticle potentia and where
the pair correlation function g(p)

n® (7,7 + p) = <Z5 25 (F+p—q >:n2g(p) (26)

J#i

Virial expansion
p=nkpT (1+bon +bsn®+...) (27)

for spherically symmetric interactions.
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Second virial coefficient

by = —% /dF (e—W(”) _ 1)

Bogoliubov inequality - Given ‘H = Hy + Hi:

van der Waals model

Critical exponents

Critical exponents

Ising model

magnetization

F < Fy+ (H)o
_ NkgT  aN?
P=V_ Ny~ Ve
op ~ (6v)
v~ (5t)°
R ‘5“,7
Cy v |(5t|_a
! B0 v
van der Waals | 0 1/2 3 1
gas/liquid 0.13 033 48 1.24
H=—-J

(6,3

M= (s) =

SiSj; — HZSZ
) i

1
Z
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Spontaneous magnetization in 2d (exact)

Critical temperatures

mo(T) = [1 — sinh™? (];_JT)} v

e PHa)

8

d=1(z=2)| d=2(z=4) |d=3(2=06)
Mean Field | kgT. = 2J kg1, =4J kg1, =6J
Exact T.=0 kgT.=2.269J | kg1.=4.5J]
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Spontaneous magnetization (H = 0)
mo(T) ~ (T, = T)"

Specific heat:

c~|T =T
Magnetic susceptibility:
oM
=—~|T-T,|"
X= a5~ |
Magnetic field (7' = T¢)
H~ M|

Correlation function

correlation length

Correlation function at 7' =T,

Critical exponents

a I6] o ) v |a+28+~v]|B8(6-1)
Mean Field | 0 1/2 1 3| 1/2 2 1
2d 0 1/8 | 7/4 | 15 1 2 7/4
3d 0.11 | 0.32 | 1.24 | 4.8 | 0.68 1.99 1.22
Relations between exponents
a+28+v=2
v=pB(06-1)
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